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Simplicial maps neural networks

Recall: Given two simplicial complexes K and L, a vertex map ¢(©) : K@ — 1) js 3
function from the vertices of K to the vertices of L such that for any simplex

ogc K theset ¢(o) ={ve 10 . 3¢ a, g(o)(u) = v} is a simplex of L.

The simplicial map @: |K| — |L| induced by the vertex map ¢(® is
a continuous function defined as

@(x) = T bi ()@ (uy) el

where (by(x), ..., by (x)) are the barycentric coordinates of x wrt o . R S
o = (uy, ..., Uy) € K with x € o. ~ o _ _




Simplicial maps neural networks

Weights
defined by
simplicial
between
triangulations
the input
output spaces.

Drawbacks:

Not trainable
Very expensive!!
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Simplicial maps neural networks
Classification using SMINNs:

1. P convex polygon surrounding data. Simplicial map
2. Delaunay triangulation of data and the vertices of P.
3. Maximal simplex encoding the labels.
4

. Simplicial map ¢ where @@ (v) is the one-hot encoding
of the class of v.

5. SMNN N,
Barycentric coordinates  Simplicial map A
l l Cartersian coordinates
Input data
: . Drawbacks:
.° T * Not robust against adversarial examples
: ... * Not trainable
. . * \ery expensive!l
° Tt i Ll k(n+1) neurons I((m+1) neurons m nedrons e P | d th d t
. . K| R IL| c R™ olygon surrounding the data

https://doi.org/10.3390/math9020169
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SMNNs robust to adversarial examples: o € SdK

Adversarial examples

u Adversarial Noise
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https://ai.googleblog.com/20
18/09/introducing-
unrestricted-adversarial.html
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Simplicial maps neural networks

o = ((1)0, ...,(l)k>
w; = bar y;
p; aface of u; fori <j

Barycentric coordinates  Simplicial map , .
1 1 Cartersian coordinates w — bar U

/ o0(w) = bar g1 (1)

Drawbacks:
* Not trainable
e Still very expensive!!
n neurons M neurons e Polygon surrounding the data
k(n+1) neurons I(m+1) neurons o
IK| € R" ILl = R

https://doi.org/10.3390/math9020169
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Simplicial maps neural networks

Optimizing SMNNs:
No Ng
: . . 'o .o. r ':.:/ ; .f,\ .‘. 7..’ e V- .1\ %   .  ;. ,..' BOth N(p and N('p
SNV, Y\ v (A AR correctly classify P

Barycentric coordinates  Simplicial map ,
l 1 Cartersian coordinates

Drawbacks:

* Not trainable

e Still very expensive!!

e Polygon surrounding the data

n neurons m neurons
k(n+1) neurons [(m+1) neurons o
|L| € R

|K| € R™

https://doi.org/10.3390/jimaging7090173
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Training SMNNSs. Preprocessing

Select U € V. Compute Del(U).

2. Compute the bounaary of the known space.

3. Compute the barycentric coordinates of V wrt Del(U)

1.
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Simplicial maps neural networks

Input data:
V ={v}
k labels

U={ul .., u%

center_of_mass(U) = origin o.
Fixr € R such thatV < B"(o, 7).

ForveV.If v e Del(U):
compute g = (Wio, ...,Wi"> € Del(U) such thatv € a.

ForveV.If vé& Del(U):

Compute I' = {u € 6Del(U) : (N VL c)(N v+c) < O}
U= (uil, ...,uin)

Compute w = r— € S™(o,1). u c (uto,uls, ..., uln) € K

11|

Find 0 = (w,u', ..., u') such that (u1, ...,u'n) € T and v € |o]|.

https://arxiv.org/abs/2306.00010 9
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Simplicial maps neural networks

Input data:
Training SMNNSs. Preprocessing V= {v}
1. Select U € V. Compute Del(U). klabels
2. Compute the bounaary of the known space. U={u’..,u
3. Compute the barycentric coordinates of V wrt Del(U) center_of_mass(U) = origin o.
Fixr € R such thatV < B"(o, 7).
Forv € V: ForveV.If v e Del(U):
Let 0 = (WO, wl, ..., w compute g = (Wio, ...,Win) € Del(U) such thatv € a.
vEo. rveV.If vé&Del(U):
Compute the baricentric coqndinaes ompute T' = {M € 5Del(U) : (N L ulbo + c)(N v+0) < 0}
(b, (), ..., b (V)) of v wrt : .
, u = {u',..,un)
— _ n [ [ .TL
Then, §(): = (§,(), ., &l compute w =17 € $7(0.7) pe (uio,ult, .., uin) € K
such that, for te€({l,.., _ . . .
&) = bj(x) if ut = w/’ for so Find o = (w,u'1, ...,u'n) such that (u'1, ...,u'») €e"'and v € |g|.

j €{0,..,n}

https://arxiv.org/abs/2306.00010 10
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Simplicial maps neural networks

Training SMNNS. Initialization

1.
2. Foru € U : assign random vectors gal(jo) (1) € R

Input data: {(v): v € V}

3. Forv € V: compute @y (v)
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Input data:
V ={v}
k labels

U={ul .., u%

ForveV:é(v):= (El(v), ...,fa(v))

<Pl(10)(ut) =L, ..,pL)forut eUand t € {1, ..., a}

»‘ \'“40 X 4\': .
IA K IXD
Rl
g QORI
RIS

oy (v): = softmax (Z OIS (ut)>
t=1

https://arxiv.org/abs/2306.00010 11
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Simplicial maps neural networks
Training SMNNs. Learning

Input data:
V ={v}
1. Using gradient descent: k labels
0L(@y, 9, v)
p;=p; —

U={ul .., u%
! =p; —1(s; — ¥;)& W)

ForveV:é(v):= (El(v), ...,fa(v))

<pl(,o)(ut) =L, ..,pL)forut eUand t € {1, ..., a}
\\\?\4.\ N/ Y (0)
X oy(v):=softmax| » &W)e,~ (uh)
NN -
N =1
I NN\

n = learning_rate
The error function (categorical crossentropy):

k
L(py, @, v) = — z yrlog(sp)
h=1

where (¥4, ..., v&) = @@ (v) is the one-hot encoding of
the class of v and (sq, ..., Sg) = @y (V).

If U & V, then U is a set of \‘/

WA
synthetic samples that can train Y)
!
O O

the model quicker than V

https://arxiv.org/abs/2306.00010
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Simplicial maps neural networks

Experiments U c V

154

10

-5 4

-16

-1 -10 = o 5 10 13 2 1= 10 5 B 5 10 15 _1s _1a 5 ® 5 10 15

(a) Using 5 support points. The SMNN (b) Using 9 support points. The SMNN (c) Using 95 support points. The SMNN
reaches 80% of accuracy on the test set. reaches 93% of accuracy on the test set. reaches 99% of accuracy on the test set.

https://arxiv.org/abs/2306.00010 13
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Experiments U c V

Simplicial maps neural networks

SMNN NN
n £ m Acc. | Loss | Acc. | Loss
1000 | 3560 | 0.87 | 0.64
100 | 1282 | 0.90 | 0.51
2
- 50 626 09 | 042 0.91 1 0.23
10 53 0.87 | 0.33
1000 | 3750 | 0.76 | 0.66
100 | 3664 | 0.76 | 0.66 .
3 50 3252 | 0.77 | 0.65 0.8 0.61
10 413 | 0.81 0.5
50 3728 | 0.69 | 0.67
10 1410 | 0.73 | 0.64
2
4 5 316 | 0.73 | 0.57 0.72 | 0.69
2 26 0.72 | 0.56
50 3743 | 0.77 | 0.66
10 1699 | 0.81 | 0.63 .
> 5 323 0.8 0.52 0.8 0.91
2 17 0.74 | 0.53

https://arxiv.org/abs/2306.00010
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Links

https://arxiv.org/abs/2306.00010

https://github.com/Cimagroup/TrainableSMINN

15
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