
Topology Tools 
for 

Explainable and Green Artificial Intelligence

• Context: Green and Explainable artificial intelligence 
(REXASI-PRO)

• Computational topology tools: Persistent homology, 
barcodes, distance bottleneck, simplicial maps, 
Persistence modules, morphisms between persistence 
modules

• Partial matchings between barcodes

• Simplicial maps neural networks
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Simplicial maps neural networks

Joint work with Eduardo Paluzo-Hidalgo and Miguel Ángel Gutiérrez-Naranjo
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Simplicial maps neural networks

Recall:

The simplicial map 𝜑: |𝐾| → |𝐿| induced by the vertex map 𝜑(0) is 
a continuous function defined as 

𝜑 𝑥 = σ𝑖=0
𝑛 𝑏𝑖 𝑥 𝜑 0 (𝑢𝑖) 

where (𝑏0 𝑥 , … , 𝑏𝑘 𝑥 ) are the barycentric coordinates of 𝑥 wrt  
𝜎 = 𝑢0, … , 𝑢𝑛 ∈ 𝐾 with 𝑥 ∈ 𝜎.



Weights are
defined by a
simplicial map
between
triangulations of
the input and
output spaces.
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Simplicial maps neural networks

𝑁𝜑

SMNN

https://doi.org/10.1016/j.neunet.2020.07.021 

𝐾 ⊂ 𝑅𝑛
k maximal 
simplices

l maximal 
simplices

𝐿 ⊂ 𝑅𝑚

Drawbacks:
• Not trainable
• Very expensive!!

https://doi.org/10.1016/j.neunet.2020.07.021


Classification using SMNNs:

1. 𝑃 convex polygon surrounding data.

2. Delaunay triangulation of data and the vértices of 𝑃.

3. Maximal simplex encoding the labels.

4. Simplicial map 𝜑 where 𝜑 0 (𝑣) is the one-hot encoding

of the class of 𝑣.

5. SMNN 𝑁𝜑 𝜑(0)
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Simplicial map

𝜑
𝐾 → |𝐿|

Input data

Simplicial maps neural networks

Drawbacks:
• Not robust against adversarial examples
• Not trainable
• Very expensive!!
• Polygon surrounding the data

https://doi.org/10.3390/math9020169 

𝐾 ⊂ 𝑅𝑛 𝐿 ⊂ 𝑅𝑚

𝑁𝜑

SMNN

https://doi.org/10.3390/math9020169
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Simplicial maps neural networks

Drawbacks:
• Not trainable
• Still very expensive!!
• Polygon surrounding the data

SMNNs robust to adversarial examples:

https://doi.org/10.3390/math9020169 

Adversarial examples

https://ai.googleblog.com/20
18/09/introducing-
unrestricted-adversarial.html 

𝐾 ⊂ 𝑅𝑛 𝐿 ⊂ 𝑅𝑚

𝑁𝜑

SMNN

𝜎 ∈ 𝑆𝑑𝐾
𝜎 = 𝜔0, … , 𝜔𝑘

𝜔𝑖 = 𝑏𝑎𝑟 𝜇𝑖
𝜇𝑖  a face of 𝜇𝑗 for 𝑖 < 𝑗 

https://doi.org/10.3390/math9020169
https://ai.googleblog.com/2018/09/introducing-unrestricted-adversarial.html
https://ai.googleblog.com/2018/09/introducing-unrestricted-adversarial.html
https://ai.googleblog.com/2018/09/introducing-unrestricted-adversarial.html
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Simplicial maps neural networks

https://doi.org/10.3390/jimaging7090173 

Both 𝑁𝜑 and 𝑁𝜑 

correctly classify P

Optimizing SMNNs:

𝑁𝜑 𝑁𝜑

Drawbacks:
• Not trainable
• Still very expensive!!
• Polygon surrounding the data

𝐾 ⊂ 𝑅𝑛 𝐿 ⊂ 𝑅𝑚

𝑁𝜑

SMNN

https://doi.org/10.3390/jimaging7090173


Training SMNNs

1. Select 𝑈 ⊂ 𝑉. Compute 𝐷𝑒𝑙(𝑈).
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𝑈 = {𝑢1, … , 𝑢𝛼}

Input data:
𝑉 = {𝑣}.
k labels

Simplicial maps neural networks

center_𝑜𝑓_𝑚𝑎𝑠𝑠(𝑈) = origin 𝑜.
Fix 𝑟 ∈ 𝑅 such that 𝑉 ⊂ 𝐵𝑛(𝑜, 𝑟).

For v ∈ 𝑉. If 𝑣 ∈ 𝐷𝑒𝑙 𝑈 :

compute 𝜎 = 𝑤𝑖0 , … , 𝑤𝑖𝑛 ∈ 𝐷𝑒𝑙(𝑈) such that v ∈ 𝜎.

For v ∈ 𝑉. If 𝑣 ∉ 𝐷𝑒𝑙 𝑈 :

Compute Γ = 𝜇 ∈ 𝛿𝐷𝑒𝑙 𝑈 ∶ 𝑁 ⋅ 𝑢𝑖0 + 𝑐 𝑁 ⋅ 𝑣 + 𝑐 < 0

Compute 𝑤 = 𝑟
𝑣

𝑣
∈ 𝑆𝑛(𝑜, 𝑟).

Find 𝜎 = ⟨𝑤, 𝑢𝑖1 , … , 𝑢𝑖𝑛⟩ such that ⟨𝑢𝑖1 , … , 𝑢𝑖𝑛⟩ ∈ Γ and 𝑣 ∈ 𝜎 .

https://arxiv.org/abs/2306.00010

Training SMNNs. Preprocessing

v

v

𝜇 = ⟨𝑢𝑖1 , … , 𝑢𝑖𝑛⟩
𝜇 ⊂ ⟨𝑢𝑖0 , 𝑢𝑖1 , … , 𝑢𝑖𝑛⟩ ∈ K

https://arxiv.org/abs/2306.00010
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For 𝐯 ∈ 𝑽:

Let 𝜎 = 𝑤0, 𝑤1, … , 𝑤𝑛 such that

𝑣 ∈ 𝜎.

Compute the baricentric coordinates

(𝑏𝑜 𝑣 , … , 𝑏𝑛(𝑣)) of 𝑣 wrt 𝜎.

Then, 𝜉 𝑣 := 𝜉1 𝑣 ,… , 𝜉𝛼 𝑣

such that, for 𝑡 ∈ {1, … , 𝛼} ,

𝜉𝑡 𝑥 = 𝑏𝑗 𝑥 if 𝑢𝑡 = 𝑤𝑗 for some

𝑗 ∈ {0, … , 𝑛}.

https://arxiv.org/abs/2306.00010

Training SMNNs. Preprocessing

                

                 

                 

𝜇 = ⟨𝑢𝑖1 , … , 𝑢𝑖𝑛⟩
𝜇 ⊂ ⟨𝑢𝑖0 , 𝑢𝑖1 , … , 𝑢𝑖𝑛⟩ ∈ K

https://arxiv.org/abs/2306.00010


Training SMNNs

1. Input data: 𝜉 𝑣 : 𝑣 ∈ 𝑉

2. For 𝑢 ∈ 𝑈 : assign random vectors 𝜑𝑈
0

𝑢 ∈ 𝑅𝑘
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𝑈 = {𝑢1, … , 𝑢𝛼}

Input data:
𝑉 = {𝑣}.
k labels

Simplicial maps neural networks

For 𝐯 ∈ 𝑽: 𝜉 𝑣 := 𝜉1 𝑣 ,… , 𝜉𝛼 𝑣

Training SMNNs

𝜑𝑈
0
(𝑢𝑡) = 𝑝1

𝑡 , … , 𝑝𝑘
𝑡 for 𝑢𝑡 ∈ 𝑈 and 𝑡 ∈ 1, … , 𝛼

𝜑𝑈 𝑣 := 𝑠𝑜𝑓𝑡𝑚𝑎𝑥 

𝑡=1

𝛼

𝜉𝑡 𝑣 𝜑𝑈
0

𝑢𝑡

Training SMNNs. InitializationTraining SMNNs

1. Input data: 𝜉 𝑣 : 𝑣 ∈ 𝑉

2. For 𝑢 ∈ 𝑈 : assign random vectors 𝜑𝑈
0

𝑢 ∈ 𝑅𝑘

3. For v ∈ 𝑉: compute 𝜑𝑈 𝑣

                

                 

                 

https://arxiv.org/abs/2306.00010

https://arxiv.org/abs/2306.00010


Training SMNNs

1. Using gradient descent:
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Input data:
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k labels

Simplicial maps neural networks

For 𝐯 ∈ 𝑽: 𝜉 𝑣 := 𝜉1 𝑣 ,… , 𝜉𝛼 𝑣

Training SMNNs

𝜑𝑈
0
(𝑢𝑡) = 𝑝1

𝑡 , … , 𝑝𝑘
𝑡 for 𝑢𝑡 ∈ 𝑈 and 𝑡 ∈ 1, … , 𝛼

𝜑𝑈 𝑣 := 𝑠𝑜𝑓𝑡𝑚𝑎𝑥 

𝑡=1

𝛼

𝜉𝑡 𝑣 𝜑𝑈
0

𝑢𝑡

Training SMNNs. Learning

                

                 

                 

𝑝𝑗
𝑡 ≔ 𝑝𝑗

𝑡 − 𝜂
𝜕ℒ 𝜑𝑈 , 𝜑

(0), 𝑣

𝜕𝑝𝑗
𝑡 = 𝑝𝑗

𝑡 − 𝜂 𝑠𝑗 − 𝑦𝑗 𝜉𝑡 𝑣

𝜂 = 𝑙𝑒𝑎𝑟𝑛𝑖𝑛𝑔_𝑟𝑎𝑡𝑒

The error function (categorical crossentropy):

ℒ 𝜑𝑈 , 𝜑
(0), 𝑣 = −

ℎ=1

𝑘

𝑦ℎlog(𝑠ℎ)

where 𝑦1, … , 𝑦𝑘 = 𝜑(0) 𝑣 is the one-hot encoding of

the class of 𝑣 and 𝑠1, … , 𝑠𝑘 = 𝜑𝑈 𝑣 .

https://arxiv.org/abs/2306.00010

If U ∉ 𝑉, then 𝑈 is a set of 
synthetic samples that can train 
the model quicker than 𝑉

https://arxiv.org/abs/2306.00010
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Simplicial maps neural networks

Experiments 𝑼 ⊂ 𝑽

https://arxiv.org/abs/2306.00010

https://arxiv.org/abs/2306.00010
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Simplicial maps neural networks

Experiments𝑼 ⊂ 𝑽

https://arxiv.org/abs/2306.00010
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Our goals within REXASI-PRO

Links

https://arxiv.org/abs/2306.00010

https://github.com/Cimagroup/TrainableSMNN

https://arxiv.org/abs/2306.00010
https://github.com/Cimagroup/TrainableSMNN
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